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ABSTRACT: A numerical algorithm is developed to study the electrophoresis of polyions where account is
taken of ionic relaxation. The algorithm involves simultaneous solution of the Navier-Stokes equation by
a discretized integral equation method and of Poisson and ion-transport equations by the finite difference
method. It is applied to the electrophoresis of spherical polyions containing centrosymmetric charges, and
the resulting mobilities are in excellent agreement with those of Wiersema et al. (J. Colloid Interface Sci.
1966, 22, 78). The extent to which ion relaxation perturbs the charge density and velocity field around the

polyion is investigated.

I. Introduction

In the solvent environment near charged macromole-
cules such as colloids, proteins, certain synthetic polypep-
tides, and nucleic acids, large but localized electrostatic
potentials can exist which significantly alter the local ionic
environment from that found in the bulk solution.
External forces on the solvent can be large in the vicinity
of polyions, and these forces alter the pressure and velocity
fields around them and hence their transport properties.
Recently, a numerical method was developed which
accounts for the effects of steady-state external forces on
the solvent.! It is based on the integral equations of the
Stokes equations which date back to Lorentz? and sub-
sequent work by Odqvist.? Ladyshenskaya‘ summarized
the integral equation theory in a now popular text.
Youngren and Acrivos were the first to implement this
approach numerically by applying it to cases where
external solvent forces were ignored.58 This was achieved
by reducing the integral equations to a system of linear
algebraic equations which shall be referred to in the
remainder of this work as the discretized integral equation
(DIE) method. Inref1, external forces were incorporated
into the DIE approach and it was applied to the problem
of a charged spherical polyion in which relaxation of the
ion atmosphere away from its equilibrium distribution
was ignored. The results were found to be in good
agreement with the theory of Henry.?

A number of investigators have studied the effect of ion
relaxation on the electrophoretic mobility of charged
spheres (centrosymmetrically distributed) in solution,®-12
Whether or not its inclusion is important depends on the
size of the spherical polyion, its net charge or surface ({)
potential, the solvent, and the nature of the co-ions and
counterions present. It will prove convenient to define a
reduced surface potential, yo = q{/kgT, where q is the
protonic charge, kg is Boltzmann’s constant, and 7' is the
absolute temperature. For an aqueous monovalent salt
solution at room temperature with xa = 5 (x is the Debye—
Hiickel screening parameter and a the sphere radius) and
ionic mobilities comparable to those of Na* and Cl* ions,
ionic relaxation will significantly affect the electrophoretic
mobility if yo exceeds about 1.5.1%1! These conditions are
met, for example, if a = 2.0 nm, the salt concentration is
0.576 M, and the net charge of the polyion exceeds about
+27q.
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Ion relaxation may not be particularly important for
most proteins since net charges rarely exceed this value.
It is, however, important for many colloids.!! Although
this treatment is strictly valid for spherical polyions, we
may also expect it to be qualitatively correct for rodlike
polyions as well. Since the reduced potential of DNA is
estimated to be between about 1.5 and 3.5,1%ion relaxation
is probably significant in that important case.

The primary objective of this work is to extend the DIE
method to include ionic relaxation. In the absence of
relaxation, what is basically required is a numerical solution
of the Navier-Stokes equation at low Reynolds number
to determine the pressure and fluid velocity fields around
a polyion modeled as a rigid object. The external forces
on the solvent are derived from the electrostatic potential
and ionic charge distributions which, in turn, are derived
from the solution of the Poisson-Boltzmann equation. For
a spherical polyion, these are well-known."'* When ion
relaxation is included, we need to know how the external
field perturbs the ion atmosphere from its equilibrium
distribution. In addition to solving the Navier-Stokes
equation, the Poisson and ion-transport equations have
to be solved simultaneously as well. Wiersema and co-
workers!®!1 and also O’Brien and White!2 have developed
numerical algorithms to accomplish this. Here, a some-
what different numerical approach is developed in which
the technique of finite differences is used to solve the
Poisson and ion-transport equations. The method of finite
differences has been very successful in solving the Poisson-
Boltzmann equation around complex models of charged
macromolecules.1>-20 The results of these calculations have
been used in detailed modeling studies of diffusion-
controlled reactions,?22 shifts in pK values of protein
residues,?® and the determination of electrostatic forces
on solvated molecules.?¢ It is hoped that the algorithm
developed here of simultaneously solving the Navier—
Stokes equation (by the DIE approach) and the Poisson
and ion-transport equations (by finite differences) will
ultimately be useful in studying the transport of rigid
macromolecules of arbitrary shape.

In order to test the algorithm and determine which
features are important in obtaining accurate electro-
phoretic mobilities, we shall restrict ourselves to spherical
polyions which contain centrosymmetric charge distri-
butions. In addition to electrophoretic mobilities, we will
examine how the ion atmosphere is perturbed in the
vicinity of the polyion and how this is influenced by the
dielectric constant of the polyion interior. We will end by
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discussing some of the difficulties of extending this work
to more complex problems.

II. Determination of the Electrophoretic Mobility

The calculation of the electrophoretic mobility of a
polyion requires detailed knowledge of the hydrodynamic
and electrostatic forces which act onit. The polyion shall
be modeled as a solid rigid body enclosed by a surface S,
characterized by an interior dielectric constant, ¢;. The
surrounding fluid is treated as a continuous incompressible
liquid (with the dielectric constant equal to e;) that satisfies
the Navier-Stokes equation. At low Reynolds number,
the Navier-Stokes and solvent incompressibility equations
can be written:

i) -Vpx) =-s(x) xEQ 1)

Vwix)=90

where 7 is the solvent viscosity, p(x) is the pressure at x
(x is in the domain occupied by the fluid which is
designated by Q), and s(x) is the force per unit volume on
the fluid at x due to external forces. p(x) and v(x) can
be solved by a discretized integral equation (DIE) meth-
od.158 The first part of the appendix outlines this method
for the general case, and the latter part treats a spherical
polyion with a centrosymmetric charge distribution. For
now, it is sufficient to point out that the DIE approach
enables one to calculate v(X) and p(x) for an arbitrary
rigid polyion as well as the surface stress forces, f(y), acting
on the fluid due to the polyion at surface point y.

f(y) = (lim T, (x))-n(y) 2

x~vy
where T}, is the hydrodynamic stress tensor,

T (évi(x) . auj(x)) ;

( h(x)),‘j = -p(x) 5,',' +1 axj ax, (3
n(y) denotes the inward unit normal to the particle surface
at y, and §;; is the Kronecker delta. The total hydrody-
namic force on the polyion can be written as

2=~ [, f(5) dS, = -3 £, @
]

where the second equality comes from the approximation
of breaking up the surface of the polyion into patches of
area A; and assuming the stress forces are constant over
a given patch. This is the essence of the DIE algorithm.
There is also an electrostatic force, z,, on the polyion which
can be written

z,= - J, T)n@) dS, ®)

where T, is the Maxwell stress tensor?®

T, = 2| B9 - Lewrewni] ©)

e is the electric field and E;; = (e);(e); is the electric field
dyadic. The total force on the polyion, 2, is simply the
sum,

z, =z, + 2,

=-J. Ty + T,o)n ds, )

In the special case of a polyion in the absence of flow
(v(x) = 0) and absence of relaxation of the ion atmosphere
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(charge density unperturbed from its equilibrium distri-
bution), eq 7 becomes

2° =~ (-py(y) 1+ T(y)n dS, (8

where po(y) is the osmotic pressure at the polyion surface.
Recently, there has been considerable interest in calcu-
lating electrostatic forces on solvated molecules. Equation
8 above reduces to eq 15 of Gilson et al. in the linear
Poisson-Boltzmann approximation.¢ In the present
analysis, however, the osmotic pressure term is labeled as
a hydrodynamic rather than electrostatic component.

In order to determine the electrophoretic mobility of a
polyion, one must determine the translational velocity,
—u, of the polyion placed in a constant electric field, —ey,
which gives z; = 0. In this work, the rotational motion of
the polyionshall beignored. This is done following O’Brien
and White.l? For external fields small compared to the
fields near the polyion, z; will vary linearly with u and eo.
Also, for the simple geometries considered in the present
work, 2, u, and ey will be collinear. First, translate the
polyion with velocity —ug in the absence of the electric
field and denote the net force zi = aug. Next, hold the
polyion stationary in an external field —e; and determine
z» = Beo. The resulting mobility is then simply

ufey=-ffa )]

We shall be reporting reduced mobilities, ureq, defined by

- 6mrng \(uw
Hred (fszT)(eo) (10)

where 7 is the solvent viscosity (taken to be 0.89 ¢P), q(=4.8
X 10710 esu) is the protonic charge, kg is Boltzmann’s
constant, and T is the absolute temperature (taken to be
298.15 K).

We shall assume the system satisfies the Poisson

V- (e(x) VA(X)) = ~4mp(x) (1D

p(R) = gAY 2,1, (X) + p/(x) 12

and ion transport (x € Q)
V(1 (%) v,(x)) = 0 (13)

equations where A is the electrostatic potential, p the net
charge density, ps is the fixed charge density associated
with the polyion, and A is a screening function equal to
zero inside the polyion and equal to 1 for x € Q; n,, 24,
and v, are the concentration, valency, and mean velocity
of ion species a. The ion velocity can be written as

v, (X) = v(x) - ::(;,DaVA(x) -D V(nnx) (14)

where D, is the diffusion constant of a. For a polyion
translating with velocity —u and stick boundary conditions,
we must have

v (X)n = -u-n (15)
at the polyion surface. Introduce the reduced potential,
y = qA/kpT, along with the perturbations in n, and y from
their equilibrium values, n. and yo

n,=n,+én,

y =y, + 8y (16)
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where the dependence on x has been omitted for brevity.
Equations 11 and 12 become

4mg®A 4rqp;
Ve(eVy,) = - zn0- an
7o kBT; koT
V-(eV 5y) 4”‘12}‘2 5 (18)
(e =- z,0n
VT T e

where eq 17 is just the Poisson~Boltzmann equation and
eq 18 relates the perturbation potential, éy, to the
perturbation in ion concentrations. To lowest order in v,
dy, and én,, eq 14 becomes

v,=v-D,[2,V 8y + V(n," on)] (19)
Following O’Brien and White,'? introduce the reduced
potential ¢,(x) defined by
n = naoe-z,(éy+¢,+b-r)

=n,1-2,6y+¢,+br) (20

where b = —qge/kgT is a reduced external field. The ion
velocity can be written

v,=v+D_z,(V¢,+hb) 21
and the boundary condition on the polyion surface (eq 15)
yields V¢, = -b.
In terms of the potential ¢, eqs 13 and 18 become

0=Vw+D_2 V%, -2Iv+Dz,(Vé,+b)Vy, (22)

VeV by) =

4rg’\
:qT Y naz oy + 6, +bxl  (@23)
B a

The velocity field v depends on ¢, and &y through the
external forces which, for the system of interest here, can
be written as

s =—pVA (24)
The problem will be solved by successive iteration. To

get an initial estimate of v, call it v, ignore completely
the relaxation of the ion atmosphere. Then

s® = —p VAW (25)

where
kyT
AD === + 3y) (26)

and 6y is the correction potential in the absence of
relaxation. Since én, = 0 in this case we must have from
eq 20

¢, = -0y - bx @7
In general, 6y will be the solution of eq 23 with the right-
hand side set equal to zero subject to the boundary
condition at infinity 6y = -b-x. For a sphere of radius
a with interior/exterior dielectric constants of ¢/¢;

dy® = -bx([1 + (- )%/ (26, + €)xH]  (28)
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which represents the electrostatic potential due to a
constant external field (equal to —eq = kgTh/q) plus the
reaction field of a dielectric sphere. The velocity field,
vi, is then solved following the procedure described in
the appendix.

We are now in a position to solve for ¢,@ and dy?.
Since the same scheme is used in later iteration cycles,
replace suffixes 1 and 2 with i and i + 1. Equation 22 is
first solved to obtain updated ¢.’s (¢,4*1)

0= V,v(i) + DazaV2¢<(zi+1) -
2,[v? + D 2z (Vo¥*D + b)1-Vy, (29)

Then updated reduced potentials, yi*1, are obtained by
solving

V'(EV(_y(i+l) - y(i))) =

4w\ . . . .
;"QT Zn aozazb,(wn_y(l) + ¢a(;+1)_ ¢a(;)] (30)
B ]

Equations 29 and 30 are relevant to any rigid polyion and
must be solved to account for ionic relaxation. In what
follows, we shall restrict ourselves to a spherical polyion.
The reader not greatly interested in the mathematical
details may skip the next section.

III. Spherical Polyion with Centrosymmetric
Charge Distribution
For a sphere, the velocity field can be written (omitting
the superscript).
v(r,8) = v (r,0) e, + vyr,0) e,
= v,(r) cos fe, + vy(r) sinfe,  (31)

where
e, =icosf+jsinfcosg+ksinfsing
e, =-isinf+jcosfcosp+kcosfsing (32)

The flow direction is taken along the x axis. By calculating
the velocity fields at a series of points along the x and y
axes, we can interpolate v(r,6) at all points. For 6§ = 0,
v(r,0) = ivy(r) and for 8 = #/2, v(r,x/2) = =ivs(r).

It is also possible to convert eqs 29 and 30 from three
to one dimensions for a sphere. Introduce the new
variables

80,0 = g2r) cos 6 @3
b,(6) =bcos b (34
Yy (r0) - yO(r8) = £ “D(r) cos § (35)

Equation 29 is then integrated over a small volume
extending from r; — ér/2 to r; + 6r/2 and from § = 0 to ¢
= 50 where 08 is taken to be very small. The result is

. 2\ . ;
0= (vv¥); + D,,za[ (1 + %)(g;‘;ﬁ - 2850 +
i

gésbrer + (2) s - glircaon - 2gf,:';f”/rf] -
J
. Dz, . ; dy
oty + -t + 0.0 ](%2) w0
J

In principal, the V-v® term can be neglected since the
solution is incompressible. However, since the vi¥'s are
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interpolated from numerical approximations of the true
velocity field, it is included in some calculations. It can
be written

(Vv = (i oy - ol /@ or) + 208/ (3T)

The reduced polyion potential, yo, for a sphere is solved
numerically following the algorithm of Loeb et al.l4
Following the same procedure, eq 30 becomes

(L 8r/2r)(f 50 ] f’“’)/ér"’ .1 = 8r/2r)(f §*0 -

f (l+1))/6r 2f (l+1)e /r = ___Zz nao[f (i+1) + p(l+1)]
(38)

where pi7” = g™V - g% and ¢;+ and ¢ are the dielectric
constants at ri& 6r/2 t is straightforward to solve eq 36

and eq 38 by finite differences. Omit the i+ 1 superscript
and a subscript.. One starts with an initial guess of the g;’s
and f;'s and then proceeds to obtain better estimates.
Solving eq 36 for change in g; using previous estimates for
other quantities yields

og; = [(V-v"")j/z +D(1 + 6r%/4r) (8,4, — 28, + g, 167" +
D(g;4y —8;.)/r; 0r - (W + D2(gjsy - 8;.)/
20r + Dzb)(y)j - 2Dgj/r; ]/(2D/¢Sr2 + 5D/2rj2)

gj,new = gj,old + Qagj (39)

where ) is a relaxation parameter which has been set to
1.8 in this work. A single iteration consists of the
application of egs 38 and 39 to all g/s. This is repeated
until

dg = ngjz/zgj,oldz (40)
J J

converges to some tolerance level. We need g fromr =a
to some maximum value, rmay. Far from the sphere, we
must have g = 0. The variable rna; must be chosen large
enough so that g near the sphere surface is independent
of rmar. In the present work, we have chosen a constant
radial spacing, 6r. Letr; = (j—1)érbut choose ér such that
a = (i* - 1)ér where i* corresponds to the “lattice point”
on the sphere surface. From the boundary condition
following eq 21, we must have g;» = gi»4+1 + bér. Thus, eqs
38 and 39 are solved iteratively from j = i* + 1 t0 jypax —
1 where jmax = I'mex/0r.

The corresponding finite difference equation for eq 38
is

_Cyfjteofi ey
P P

fj,new = fj,old + QE’fJ (42)

of; -f; (41)

where
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¢ =g (1t 6r/2rj)/5r2 (43)
¢y = ¢;_(1 - br/2r)/6r (44)
03 = ij/rjz (45)

= 41rq2)\2z N8tV kg T (46)
¢ = 4mg’\Y_2,"n.o/kpT (47)

The correction potential, f, must be evaluated inside as
well as outside the spherical polyion which requires some
attention be paid to the dielectric discontinuity and
screening parameter. We shall assume A = 0 forr <a and
A = 1for r > a which is equivalent to placing the solvent-
accessiblesurface at 7 = a. Thedielectric functionis taken
to be

€ r<a-A
ery=3+ r—a+ A)e—€)/A fora-A<r<g

€ r>a
(48)

where Aisleft as an adjustable parameter. Itisinteresting
to note that O’Brien and White!? have shown that the
electrophoretic mobility is independent of ¢; for a spherical
polyion containing a centrosymmetric charge distribution.

The boundary conditions on f; are fi = fjma = 0.
Equation 41 is applied repeatedly until the f;'s converge
to some tolerance level, d¢

=Y S Ff (49)
J ]

where F) is a total correction potential defined by
y(r,0) = yo(r) = F(r) cos § (50)

The finite difference (fd) calculations start on a coarse
grid with a typical starting grid spacing of 0.2 nm. Once
convergence is achieved the fd results are used as starting
values for a new fd calculation for both g, and f on a finer
grid with a grid spacing of half that used before. This is
repeated a number of times until some minimum grid
separation, éry;y, is achieved. A typical value of 67min in
this work is 0.001 563 nm.

Once {g“”’} and {f **“} have been solved by finite
difference, 1t is posmbfe to calculate the external forces,
8(x), on the fluid according to eq 24. The change in the
external forces between successive iterations can be written
(assuming 6p and Jy are small compared to gy and y¢)

gD _g® = -kBTq'l[pOV(y(M) _ y(i)) +
(0" - pNVy,] (61)

Let r be the distance of a fluid point, x, from the origin
of asphere and 6 the angle between x and the flow direction
(along the 1 axis). Then the force components can be
written as

siD g = --kBTZna‘Ozm[cos2 gre+y 4+
o
sin? 8f “/r — 2_ cos? By, (f “V + p, ] (52)
s 50 = —kBTanoza cos § sin 9[f¢+D -
a

f(l+1)/r zay /(f (i+1) + p(l+1))] (53)
where primes denote a radial derivative (6/0r) and the 2
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subscript the vector component perpendicular to 1 but in
the plane formed by x and the 1 axis. These force
components are then used to calculate the updated stress
forces on the polyion, £+ (eq A28), and the new velocity
field, vi*D (eqs A12 and A22). Asdiscussed in Appendix
A, thespace around the polyion is divided into M spherical
shells which extend far enough into the solution to insure
that the contribution of external forces from more distant
regions of the solution make negligible contributions to
the stress forces and velocity field. Typically, M = 100
and with a = 2 nm, the shells extend out to a distance of
about 4.5 nm so the shell thickness is about 0.025 nm.
Since this is much larger than the lattice spacing used in
the fd calculations, 6rmiy, it is straightforward to interpolate
f, f, and p, to calculate the correction forces defined by
eqs 52 and 53. Once the f;'s are computed, eq A30 is used
to calculate the hydrodynamic force on the polyion, z.

The remaining quantity that needs to be determined is
the electrostatic force defined by eqs 5 and 6; provided 5y
issmall compared to yy, it is possible to solve for a spherical
particle of radius a containing a centrosymmetric charge
distribution

. ka Ty, (a .
z:1+1) = M_ZQ_(_IL V(y(lﬂ) - yo) d4 (54)
4rq P
If the net charge of the polyion is @ (in units of the protonic
charge), then

¥y (@) = ‘Q2Q/€2kBT02 (65)

regardless of the ionic atmosphere. It should be empha-
sized that the charge @ can be placed at the center of the
sphere, uniformly distributed on the surface, or distributed
in any manner in the sphere interior as long as it is
centrosymmetric and adds up to a net charge of @. It is
straightforward to show

V(y(iﬂ) - yO) =
icos ¢ hi(r,0) +jsin ¢ h,(r,0) + khy(r,0) (56)
where

hy(r,8) = cos § sin 8V (r) - F “*D(r)/r]

hy(r,0) = cos? SF D (r) - sin? 6F “D(r)/r  (BT)
Combining eqs 54 and 57 yields finally

28 = R TQF ™Y (a) + 2F “V(@)/a)/3  (58)

G+) o
and 2., = 0.

IV. Results

From the discussion of the algorithm in the previous
section, it is clear that a number of parameters must be
investigated to see how they effect the electrostatic and
hydrodynamic forces acting on the polyion. On the basis
of the work of Wiersema et al.1%!! and others,!2 there are
many test cases available with which we can compare our
numerical electrophoretic mobilities. We shall choose a
polyion radius of a = 2 nm immersed in a monovalent salt
solution of dielectric constant ¢; = 78 with an ambient salt
concentration of 0.576 M. The temperature and solution
viscosity are taken to be 25 °C and 0.0089 P, respectively.
This gives xa = 5 where « is the Debye—Hiickel screening
parameter. Since the mobilities of the co-ions and
counterions enter the problem through the ion-transport
equation (eq 14), we shall assume an effective hydrody-
namic radius, ax = 0.132 nm for both co-ions and
counterions. This gives m, = 0.184 (a = +1 or -1) where
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m, = ekpTf,/ 6mng’ (59)

and f, = kgT/D,, = 6mna, is the friction coefficient of ion
a. This value of m, was used extensively by Wiersema et
al. Thelimiting equivalent conductance of a, A,°, isrelated
to fa by

fo=Nag’2 /00 (60)

where N,, is Avogadro’s number. This choice of a,
corresponds to a A,° of 70 - cm? eq! and is fairly typical
of monovalent ions (A\° = 50.10 and 76.35 for Na* and Cl-,
respectively).

In the results presented in the next few paragraphs, a
reduced surface potential of yo = 3 is assumed which
corresponds to a net polyion charge of +66.33q. This value
is large enough to insure that ion relaxation effects are
significant. In a combined finite difference/iterative
algorithm as is used here, two important questions are,
how sensitive are the results to the grid spacing used in
finite differences and how quickly do they converge from
one iterative cycle to the next? Shown in Table 1 are
£-(2.0) and f(2.0) (evaluated at the polyion surface, r = 2
nm) as a function of érmin and cycle for a case 2 example
(uo=0,e9=1kV/cm). Parameters other than those given
above are ¢; = 2, A = 0.0125 nm, ryp, = 50 nm, N = 10
(number of angular divisions), M = 100 (number of radial
shells),d; =101, and d; = 10-18, Tofoursignificant figures,
£-(2.0) is fully converged for a grid spacing less than or
equal to 0.006 25 nm. The dependence of g+(2.0) on 67min
is substantially weaker (resuits not shown). A smaller
Ormin of 0.001 563 nm is required to obtain £(2.0) to the
same degree of accuracy. This is due, in part, to the
dielectric discontinuity at the polyion surface. Increasing
¢, from 2t0 78 (no dielectric discontinuity), a 6rmi, of about
0.0031 nm is required to obtain f(2.0)’s converged to four
significant figures. With regard to the number of cycles
required, Table 1 shows that four are required in this case.
However, the number increases as yg increases. For yo =
5, at least six iteration cycles are required. Table 2 shows
the corresponding dependence of the total reduced cor-
rection potential at the ion surface, F(2.0). Its behavior
reflects f(2.0) closely. When d;(the cutoff parameter used
in the fd determination of f) is reduced from 10-18 to 10-20
in order to obtain more highly converged fs, the resulting
F’s are identical to those given in T'able 2. The effect of
grid spacing on the forces z;,;@, 2, @, and 2y;® is shown
in Figure 1. Model parameters are the same as in the
previous paragraph. Differences are plotted in units of
10-11dyn. These represent the end result of seven cycles
of relaxation, and the absolute forces for 6rmi, = 0.000 781
nm are 2p;?, 2@, 24@ = 0.5082 X 10-7, -0.6317 X 107,
-0.1235 X 10-7 dyn, respectively. The relative errors
between érmin = 0.00625 and 0.00781 nm for zp;®, z,®@,
and 241 amount to be 1.2, 1.3, and 1.6%. These forces
are more sensitive to grid spacing than g,, f, and F, and
the reason for this is that they depend on the gradient of
F which is a more sensitive function of grid resolution.

Table 3 shows how 2y1, 21, and 2¢; depend on the iteration
cycle for the same example discussed in the previous
paragraph with érpi, = 0.001 563 nm. Case 1 results
(translating polyion in the absence of an external field)
are presented along with case 2. In case 1, uy has been
chosen to give a total force equal but opposite in sign to
that of case 2 after several cycles. In the case of cycle 0,
external forces are calculated in the absence of any
relaxation of the ion atmosphere. Cycle 1 forces account
for ion relaxation, but the velocity field used to calculate
this ion relaxation is based on the unrelaxed ion distri-
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Table 1. Dependence of g-(2.0) and f{2.0) on Grid Resolution and Cycle for y; = 3, xa = 5, Case 2

cycle
Ormin (M) 1 2 3 4 7
£.(2.0) X 102
0.025 0.1705 0.1450 0.1465 0.1464 0.1464
0.0125 0.1781 0.1538 0.1553 0.1552 0.1552
0.006 25 0.1783 0.1541 0.1555 0.1554 0.1554
0.003 125 0.1783 0.1541 0.1555 0.1554 0.1554
0.001 563 0.1783 0.1541 0.1555 0.1554 0.1554
0.000 781 3 0.1783 0.1541 0.1555 0.1554 0.1554
f(2.0)
0.025 —0.4887 X 102 0.2419 x 10-° ~0.1449 X 104 -0.8644 X 108 -0.2240 X 10-°
0.0125 -0.4921 X 10-2 0.2301 x 10-8 —-0.1376 X 104 -0.8644 X 106 -0.2240 X 109
0.006 25 ~0.4903 X 10-2 0.2297 x 10-3 —0.1376 X 10+ -0.8644 X 106 -0.2240 X 10-®
0.003 125 -0.4894 X 102 0.2297 x 10-3 -0.1376 X 104 -0.8644 x 10-¢ -0.2240 X 10-?
0.001 563 —0.4890 X 102 0.2297 x 103 -0.1376 X 104 —0.8644 X 106 -0.2240 x 10-?
0.000 781 3 —0.4890 x 102 0.2297 x 10-3 -0.1376 X 104 —0.8644 X 108 —-0.2240 x 10-°
Table 2. Dependence of F(2.0) on Grid Resolution and Table 4. Reduced Mobilities for Different y,
Cycle for yy = 3, xa = 5, Case 2, F(2.0) X 102 o oot error (%) v tend error (%)?
cycle P L2l 11 5 3.050 38
8rmin 02 1 2 3 4 7 3b 2.724 ~-0.7 54 3.090 -2.5
0.025 1152 06633 06875 0.6860 0.6861 0.6861 5 280 ~10.1 5 3099 2.2
0.0125 1.152 0.6599 0.6829 0.6815 0.6816 0.6816 ¢ Percent deviation from the Wiersema®® value. * N = 15, M =
0.00625 1152 0.6617 06847 0.6833 0.6834 0.6834 100, e = 2. ¢ N = 15, M = 200, e = 2. 4 N = 15, M = 300, €5, = 2.
0.003 125 1,152 0.6626 0.6856 0.6842 0.6843 0.6843 eN =15 M = 100, ¢, = 78.
0.001 563 1,152 0.6630 0.6860 0.6846 0.6847 0.6847
0.0007813 1152 0.6630 0.6860 0.6846 0.6847 0.6847 obtain convergence. It is also clear that case 1 results are
a From eqs 28 and 50. less sensitive to ion relaxation than case 2. This is true
for other input parameters as well so the following
0ol . discussion will be confined primarily to case 2 results.
4 e The number of angular divisions, N, into which the
s04 T sphere is divided will not directly influence the finite
i difference results but will affect the forces on the polyion
o * and also the velocity field around the polyion. Although
& o - 8o depends on the velocity field and will therefore depend
. W N indirectly on N, the effect on g, is observed to be very
N N ° small. For the example considered previously (6rmin =
_40: - ; 0.001 563 nm) 21® = -0.1321 X 10-7, -0.1243 X 10-7, and
i -0.1232 X 1077 dyn for N = 5, 10, and 15, respectively.
—60 4 Thus, an N value in the range 10-15 is expected to give
1 accurate forces. For yg = 3, the net forces on the polyion
~801 e are not sensitive to the number of radial shells, M, at which
9 " 0.002 0.004 0.006 external forces are calculated (see the appendix) provided

0r
min
Figure 1. Effect of grid resolution on net polyion forces for case
2: yo=3,xa =5, ¢; = 2. Thegrid resolution, 6/ mn, is in nanometers
and ¢ = 2 nm. z;'9* represents the net force for the highest
resolution run (§rgyix = 0.000 778 1 nm) and differences in forces
are in units of 101! dyn. Squares (top curve), crosses (bottom
curve), and diamonds (middle curve) correspond to differences
in z2m@, 2,,@, and z,,?, respectively.

Table 3. Dependence of 2zn;, Z,1, z:; on the Iteration Cycle
for yo = 3, xa = 5*

cyele zm®b 2@ zg®  zg®  zy®  24®
0 01224 09056 0.0000 -1.062 01224 -0.1562
1 01086 04905 00178 -0.6127 01244 -0.1221
2 01077 05094 00166 -0.6338 0.1243 -0.1245
3 01076 05083 00167 -0.6326 0.1243 -0.1243
4 01076 05083 00167 -0.6326 0.1243 -0.1243
7 01076 05083 00167 -0.6326 0.1243 -0.1243

¢ Forces are in 10-7 dyn. ® Case 1 forces with ey = 0, up = 0.365
cm/s. ¢ Case 2 forces with eo = 1 kV/em, uo = 0.

bution. Before cycle 2 is started, a new velocity field is
calculated using the relaxed ion distribution calculated in
cycle 1. This process is then repeated several times. It
is clear from this table that ion relaxation has a significant
effect on the hydrodynamic and electric forces acting on
the polyion and that about four cycles are required to

this parameter is set to 100 or higher. However, for larger
¥o, & larger M should be used as discussed later in
connection with yo = 5 cases.

The cutoff parameters d; and d; as well as rp,; are
important with regard to the finite difference calculations.
How they influence zt; shall be discussed briefly. For d,
= 109 10-19, 10-11, and 10712, 2,;@ = —0.1254, —0.1247,
-0.1243, and —0.1240 X 10-7 dyn, respectively. This is for
the same y; = 3, case 2 example considered previously
with 6rpin = 0.001 563 nm, N = 10, and M = 100. For d;
=10-15,10-18,10-17,10-18, and 10-%, 2,,® = —0.1182,-0.1220,
-0.1232, ~0.1243, and -0.1248 X 10-7 dyn, respectively.
Reducing rpa: from 50 to 12.5 nm changes z4®, from
~0.1243 to -0.1239 X 107, holding all other input param-
eters constant. Inthe remainder of this work, we shall set
dg, dg, and rpax to 10711, 10-18, and 50 nm, respectively.

As discussed previously, determination of the electro-
phoretic mobility requires zy; for a translating polyion in
the absence of an external field (24;(V) and a stationary
polyion in the presence of an external field (2,;®). The
mobility is then given by eq 9. Shown in Table 4 are
reduced mobilities (eq 10) for the cases yo = 1, 3, and 5.
They can be compared with the results of Wiersemal®1!
which predict ureq = 1.134, 2.742, and 3.169 for yo = 1, 3,
and 5, respectively. In each case, xa = 5 and m, = 0.184.
For yo = 1 and 3, the finite difference approach is in
excellent agreement with earlier predictions. For yo =5,
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Table 5. Summary of Forces® on Polyion with and without

Relaxation

yo € case ionrelaxation 2n 21 2u ub
1 2 1 no 0.05107 O 0.05107 0.152
1 2 2 no 0.2247 -0.2757 -0.05107 0

1 2 1 yes 0.04942 0.00085 0.05010 0.149
1 2 2 yes 0.2128 -0.2629 -0.05010 ©

3 2 1 no 0.1553 0 0.1553 0.463
3 2 2 no 0.9066 -1.062 —0.1553 0

3 2 1 yes 0.1067 0.01654 0.1232 0.361
3 2 2 yes 05003 -0.6325 -0.1232 0

3 78 1 no 0.1309 0 0.1309 0.390
3 78 2 no 09310 -1.062 -0.1309 0

3 78 1 yes 0.10084 0.02274 0.1236 0.363
3 78 2 yes 0.7451 -0.8687 -0.1236 0

5 2 1 no 0.2556 0 0.25566 0.762
5 2 2 no 2.581 -2.837 -0.2566 O

5 2 1 yes 0.08901 0.05309 0.1421 0.410
5 2 2 yes 05774 -0.7195 -0.1421 ¢

5 78 1 no 0.2229 0 0.2229 0.664
5 78 2 no 2,614 -2.837 -0.2229 0

5 78 1 yes 0.06762 0.07566 0.1432 0.411
5 78 2 yes 0.8931 -1.036 -0.1432 0

s Forces are in 10~7 dyn. ® Velocities are in cm/s.

the results are less satisfactory. Nonetheless, by simply
increasing M (calculating the external forces on the solution
using a finer grid) much of the discrepancy can be removed.
Alternatively, using a dielectric constant of 78 to remove
the dielectric discontinuity at the polyion surface yields
a mobility in fairly good agreement with the Wiersema
value even with M = 100. On the basis of the results
presented in Table 4, we conclude that the DIE/finite
difference approach is capable of handling ion relaxation
to sufficient accuracy to yield electrophoretic mobilities
correct to within a few percent of their actual values.

Table 5 summarizes the main results of this paper. Each
block of four entries treats a single yg, ¢, combination.
Within each block of four, the first pair of entries deals
with polyions in the absence of ionic relaxation and the
latter with relaxation. Within a pair, the first line
represents a case 1 polyion translating with sufficient
velocity to insure the total force just cancels the case 2
polyion, which is stationary with an external field of 1
kV/cm acting on it. Adding together the forces, electric
fields, and velocities of a pair will thus give us a translating
polyion with no net force acting on it. For y, = 1, ionic
relaxation has little effect on the net hydrodynamic
(0.2758/0.2622 x 10-7 dyn without/with relaxation), net
electrostatic (—0.2758/-0.2622 X 10-7 dyn without/with
relaxation), or steady-state ion velocity (0.152/0.149 cm
s-1 without/with relaxation). However, relaxation is seen
toreduce the net hydrodynamic (or electrostatic) force on
the polyion and at the same time it reduces u. This
behavior is seen at higher y, as well. Table 5 helps us
understand why case 1 results are much less sensitive to
factors such as grid spacing in finite differences. In case
2 (regardless of ion relaxation) zp; and z, are of comparable
magnitude but opposite in sign. The total force is thus
the difference between two large numbers of comparable
magnitude so small relative errors in zp; and/or z,; can
lead to much larger relative errors in zy;. This is not a
problem in case 1.

In the presence of ion relaxation, the electrophoretic
velocity is independent of ¢; on the basis of Tables 4 and
5. This was also observed by Wiersema.!%!! This appears
to be a special case of a general truth that the electro-
phoretic mobility of a rigid polyion depends only on its
size and shape, the properties of the associated electrolyte
solution, and the charge within its hydrodynamic shear
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Figure 2. Net charge (po) and perturbed charged densities (5p)
for yo = 3, xa = 5, along the flow direction (+x axis). The electric
field and ion velocity are 1 kV/cm and 0.36 cm/s, respectively,
directed along the —x axis. The polyion surface is at » = 2 nm.
Units of py (squares) are in 10! electron charge nm-2, while ép for
&1 = 2 (crosses) and ¢; = 78 (diamonds) are in 10-2 electron charge
nm-?, respectively.

plane.l? (Although this does not appear to be true for the
no relaxation case, it is probably not meaningful to discuss
the dependence of the electrophoretic velocity on the
dielectric constant when ion relaxation is suppressed since
this corresponds to the unphysical situation of allowing
the solvent around the polyion to relax but not the ion
atmosphere.) Even though the electrophoretic velocity is
independent of ¢ for the cases considered in this work,
the hydrodynamic and electrostatic forces are not the same.
For yp = 3 and an external field of 1 kV/cm, for example,
the electrophoretic velocity is about 0.41 cm/s independent
of ¢;, but the total hydrodynamic force will be 0.6160 X
10-7 dyn for ¢; = 2 but 0.8459 X 10-7 dyn for ¢; = 78. These
forces are balanced by electrostatic forces of equal
magnitude but opposite sign.

Plotted in Figure 2 are the ion densities along the flow
direction for yo = 3, 0 = 1 kV/cm, and u = 0.36 cm/s.
Perturbed ion densities (crosses for ¢; = 2 and diamonds
for ¢, = 78) have been multiplied by 1000 relative to
unperturbed ion densities (squares). Under the stated
conditions, this perturbation is seen to be very small, less
than 0.1%, despite the fact zp; and 2z, change by 40%.
The physical basis for this can be understood by reviewing
the terms which contribute to the external forces on the
solvent, 8. Retaining terms linear in dp and dy, eq 24
becomes

= _kBTq_l[PoVyo + poVoy + 6pVy,] (61)

The first term on the right-hand side represents the
equilibrium ion distribution, py, interacting with the
electric field of the polyion itself, and this makes no net
contribution to zy; or ze;. The second term represents the
interaction of po with the perturbing electric field
(ksT'q~Véy), and this is the only contributing element in
the absence of ion relaxation. The final term represents
the interaction of the perturbed ion distribution with the
electric field of the polyion itself. Although dp is small
relative to po, it is also true that Vyq is large relative to Véy
which means that the second and third terms may be
comparable in magnitude. Also, reducing ey will not alter
the dsituation since dy and dp scale linearly with e, at low
fields.

The last two figures show how ion relaxation affects the
velocity field around the polyion relative to the unrelaxed
case. In order to make the comparison straightforward,
the electric field (directed along —x) has been adjusted to
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Figure 3. Effect of ion relaxation on -v, along the flow (+x)
direction for yo = 3 and xa = 5. Nonrelaxation (squares) and
relaxation (crosses) cases involve 2-nm radius polyions placed in
an electric field (along ~x) strong enough to insure a steady-state
velocity of 0.47 em/s (along -x).
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Figure 4. Effect of ion relaxation on +v; along an axis
perpendicular to the flow (+x) direction for yo = 3 and «a = 5.
See the caption to Figure 3 for details. The unit vector, 2y, is
directed along -x in this case.

insure the velocity of the ion (also directed along -x) is
0.47 cm/s. Plotted in Figure 3 is —v, versus r along the +x
axis for the case yo = 3, xa = 5,a = 2 nm, and ¢ = 2.
Squares and crosses correspond to velocity fields without
and with relaxation. Figure 4 is similar but shows +uv;
along an axis perpendicular to the flow (+x) direction.
Although there are differences between the velocity fields
with and without relaxation, they are seen to be small.

V. Summary

Previously, a DIE algorithm was developed and applied
to the electrophoresis of polyions modeled as a rigid body
in the absence of ionic relaxation.! In the present work,
this was extended to include the effects of ion relaxation
by combining the DIE algorithm to solve the Navier—
Stokes equation with the technique of finite differences
to solve the Poisson and ion-transport equations. This
combined DIE/finite difference algorithm has been applied
to the special case of a spherical polyion containing a
centrosymmetric charge distribution. Electrophoretic
mobilities are in excellent agreement with those obtained
by other methods which shows that the algorithm is
definitely working.

In applying the algorithm to the spherical case, we have
been able to reduce the finite difference equations from
three to one dimensions. Under these conditions it is
possible to use grids of very high resolution extending far
outintosolution. Since perturbationsinthe charge density
lessthan 0.1% from the equilibrium distribution can alter
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the net force on the polyion by 40%, it is clear that
perturbed potentials and charge densities of high accuracy
are required. Application of this approach to polyions of
arbitrary shape and charge distribution appears to be
straightforward in principal but formidable in practice
because of the required accuracy involved. Finite dif-
ference methods applied tosolving the Poisson-Boltzmann
equation in three dimensions on a Cartesian lattice
typically have a grid resolution of 0.1-0.2 nm and yield
electrostatic potentials accurate to several percent,1%-20
Early in the course of our work on the electrophoresis of
spheres, we attempted to use three-dimensional Cartesian
lattices to solve the Poisson and ion-transport equations.
Unfortunately, the results were too inaccurate to yield
meaningful electrophoretic mobilities. Finite element262?
as well as multigrid refinements?2 of finite difference
methods may be more effective in dealing with this
problem. In any case, more efficient methods are needed
to solve the ion-transport and Poisson equations for a
general polyion (eqs 29 and 30) since these were unques-
tionably the computational “bottleneck” in this work. It
may also be feasible to improve the solution of Stokes
equations. Theintegral equation algorithm employed here
and elsewherel®8 involves the solution of Fredholm
equations of the first kind which are known to be ill-posed.
In other words, numerical solutions tend to be unstable.
Kim and co-workers®-3! have developed an algorithm based
onsolution of Fredholm equations of the second kind which
avoids the numerical instabilities of the “first kind”
formulation. To the best of our knowledge, however, no
study comparing the two approaches explicitly has been
published. There are, however, a number of special cases
where the algorithm presented in this work may find use.
The first is in the case of a sphere containing an electric
dipole lying along the flow direction. This straightforward
problem would shed light on how the distribution of charge
affects the mobility. A very important application is the
electrophoresis of rodlike molecules since this is a rea-
sonable model for DNA.323 A charged-rod model in
cylindrical coordinates may be feasible.

Alternatively, ion relaxation may be unimportant in
many cases which greatly simplifies the problem. Most
proteins, for example, contain low net charges so the
average surface potentials are low under physiological
conditions. Ata monovalent salt concentration of 0.1 M,
a2-nm radius sphere containing a central charge of +18.85¢
has a reduced surface potential of £2.0. Ionic relaxation
reduces the electrophoretic mobility of this “protein” by
only 10% and the effect decreases as the absolute value
of the net charge decreases. Since this model “protein”
is more highly charged than most real ones, ignoring ion
relaxation may be a good approximation. The problem
then resorts to solving the DIE portion of the problem
though finite differences will still be required to determine
the equilibrium charge density and the electrostatic
potential around the (equilibrium) polyion in the presence
of an external field.

In any case, it is hoped that the present work will
stimulate renewed interest in the electrophoresis of
polyions. We anticipate numerical algorithms of the kind
described here will play an important role in this devel-
opment.
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Appendix

Consider an arbitrary rigid body moving through an
unbounded incompressible fluid with velocity —~u(x). Far
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from the body, the fluid velocity, v(x), is taken to vanish.
Atlow Reynolds number, the solution of the Navier-Stokes
equation yields

v(x) = v(x) + vO(x) + v'(x) (A1)

where
v =-f [ [ Uy e dy (A2)
v =- [ [Uyrm) ds, (A3)

v(@ =- 2 f f,r rv@)REynON S, A9
andr=x-y,r=|r,

R(x,y); = rr/r (A5)
Uay) = g1+ Raxy)] (A6)

7 is the solvent viscosity, @ denotes the volume of fluid
external to the rigid body, and S;, denotes the surface of
therigid body. Ineq A2, s/(X) is the force per unit volume
acting on the fluid at x due to external forces. In eq A3,
f'(y) is the stress force per unit area on the fluid due to
the rigid body at position y on its surface. These forces
are the same as those appearing in eqs 1 and 2 in the main
text. The primes have been introduced to distinguish the
normal three-dimensional forces (denoted by the primes)
from the corresponding two-dimensional quantities in-
troduced later in this appendix. In eq A4, n(y) denotes
the inward unit normal to the rigid-body surface at y.

If stick boundary conditions are assumed, then v(x) =
-u(x) at the surface of the body. For a case of a rigid
particle undergoing purely translational motion, it can be
shown that

0 xeQ
vi(x) = {+u/2 xeS, (AT
+u xc

where ' denotes the interior volume of the polyion.
Equation A7 can be proven by applying Green’s theorem
to the Navier—Stokes equation as described on pp 51-54
of Ladyzhenskaya.* However, the proof given in ref 4 is
incorrect. The error has to do with the fact that a surface
integral at an infinite distance from a rigid body does not
in fact vanish when the fluid velocity field is constant
(and nonzero). When this is taken into account, La-
dyzhenskaya’s arguments yield eq A7. Equation A7 can
also be verified by direct numerical integration. Thus eq
Al becomes

v(X) = V(%) + v2(x) xEQ (A8)
and in the limit x approaches the rigid-body surface from
the external or fluid side

—u=vix)+v'®) xES, (A9)
Unlike v¢, v® and v? are continuous at the surface of the
particle.

Equations A2 and A3 can be simplified further for axially
symmetric structures translating along the axis of sym-
metry. Consider a sphere of radius a translating along
the x direction. The stress, external force, and fluid
velocity forces can be written as
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fe=£6)
f'y=fy(8) cos ¢ (A10)
f2=/f6) sin¢

s, =5,(r0
8’y = 8,(r,0) cos ¢ (All)

§', = 8,(r,0) sin ¢

v, = wy(r,0)
v, = Wy(r,8) cos ¢ (A12)
v, = Wy(r,0) sin ¢

where (r, 6, ¢) denote the spherical coordinates of some
point. The stress forces are evaluated at the surface of a
sphere (= a). It proves convenienttodefine2 X 1 column
vectors

w(r,f) = (wl(r’e) ) (A13)

wq(r,0)

with similar definitions for £f(6) and s(r,6). Integrating
eqs A2 and A3 over ¢ leads to

w(r §) = wi(r,8) + Wi 9) (Al4)

where

WA, =8—;5 [P dr [sin 649 GO, 0,0)5(8) (A15)

wh(r,¢) = 51— {sin 6.0 G@r ) 0) (A1)
TNV 0

and
= Gll G12)
o= (g o (AID
Gyy(rr' 0,8) = 2571 (k) + 2y7°(F cos & -
r cos 6)"1, . (k%) (A18)

Goo(r,r 8,8") = 2y72(r’ cos & — r cos §)[(~ sin &’ -

Gy (r,r 8,0 = 2y73(r cos & ~ r cos §)[(~ sin ¢ -
rsin 0), /2°(k2) + 2r sin 81, /21(k2)]

Gop(rr' 0,8) = 2y I "k - 21, ' (kD] +
2y [( sin & ~ r sin 6)*(Iy," (k") — 20y, (k%)) -

4rr ¢in 0 sin #1, /22(k2)]
These integral equations can be discretized by breaking
up the surface of the sphere into N angular patches and
assuming f(6) is constant and equal to f; for § in the vicinity
y =2+ rt-2r cos(d - 6)'/? (A19)
k? = 4rr sin 6 sin 6/y* (A20)

I, /2"(k2) = j;'dx (1 + k%sin? x)™%sin®™ x (A21)
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of §;. Likewise, the fluid surrounding the sphere is broken
up into M spherical shells as well as N angular patches,
and it is assumed that s(r,§) = sy; for (r,0) in the vicinity
of (r,6;). Equations A14~A16 become

w(r’B)—ZEU ! ZZH”’ 5 (A22)

=] j=1

where

‘7=81r UlmsdeBG(ar’ﬂﬂ) (A23)

. 1 patkir o jss .
W= BrmJata dr f (j_l)wsmOdB G(r,r08) (A24)

A8 = #/N radians and Ar = (r* - a)/(M - 1). In turn, r*
should be chosen sufficiently large that sy; makes a
negligible contribution to eq A22. Choosing r* such that
¥o(r*)/yo(@) = 10~* insures this.

Equations A23 and 24 are evaluated numerically by
successive approximation on higher resolution 6 (or r and
0) lattices until the integrals converge to within a specified
tolerance level, ¢.

[TeES™ - EP)/TrES )| < ¢ (A25)

The velocity fields are independent of ¢t for t =2 104, In
this work ¢ is set to 1073,

In addition to providing us a way of calculating the fluid
velocity field, eq A22 is used to calculate f;. At the surface
of the sphere, eq A22 becomes

U
W°=(o ) Byl +

At the beginning of an iteration cycle, everything is known
except {f;}. The superscript indicating iteration cycle is
omitted for the sake of brevity. Let E;! denote the inverse
of E;;; then

ZH,,,, s, (A26)

=] j=1

f= E,.,.-l[w0 E f; - ZH,,U 8

]#1-1 =] j=1 ] (A27)

Asin previous work, Gauss—Seidel iteration is used to solve
for f;. One starts with an initial guess of all the fs, call
if £1, and sequentially updates each element using current
estimates of the other terms. Equation A27 becomes

i-1
s+l — o -1 G+ _
£ = B, wo- E.,.f;.
;=1

E f(s);
j=l— =]

where s + 1 denotes the update number. The procedure
is repeated until the forces converge to some prespecified
tolerance value, d, given by

lk] sh]] (A28)
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= [Z (f(6+1) f(&))2/z (f(a+1))2] /2 (A29)

7=1

In this work, d is set to 10-%. Setting d to 108 results in
no further change in the electrophoretic mobility to three
significant figures. Once the fs are calculated, the
hydrodynamic force on the polyion is given by (see eqs 4
and A10

N
Zijl(cos((j—l)AB) - cos(jod)) (A30)

j=1

2 = -2ra

and 2he = 0.
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